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Dual-polarisation radar measurements provide valuable ifiormation about

the shapes and orientations of atmospheric ice particles. df quantitative

interpretation of these data in the Rayleigh regime, commonpractice is to
approximate the true ice crystal shape with that of a spheral. Calculations
using the discrete dipole approximation for a wide range of gystal aspect
ratios demonstrate that approximating hexagonal plates aspheroids leads to
significant errors in the predicted differential reflectivity, by as much as 1.5dB.
An empirical modification of the shape factors in Gans’s sphmid theory was

made using the numerical data. The resulting simple expregsns, like Gans’s
theory, can be applied to crystals in any desired orientatia, illuminated by an

arbitrarily polarised wave, but are much more accurate for hexagonal particles.
Calculations of the scattering from more complex branched ad dendritic

crystals indicate that these may be accurately modelled usy the new
expression, but with a reduced permittivity dependent on tle volume of ice
relative to an enclosing hexagonal prism.
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1. Introduction rare in cold upper tropospheric cirrus (where polycrys-
tals such as bullet-rosettes typically dominate, see e.g.
Dual polarisation radar is a powerful tool to study icleymsfield and Knollenberg 19)2but appear to be quite
particles in the atmosphere. Measurements of differenf@mmon in warmer mid-level cloud layefg/gstbrooket al.
reflectivity, differential phase shift and the copolar o013 Westbrook and lllingworth 2033 For qualitative
correlation coefficient are now commonplace on researéferpretation of radar measurements approximating these
radars, and are becoming increasingly available on op@@xagonal crystals as spheroids is likely to be a reasonable
ational weather radarg”(ngworth 2003 Ryzhkovet al. approach. _However there is INncreasing |r!terest n Vah@tl
2005. Quantitative interpretation of these data requif@icrophysical models by forward modelling the associated
accurate scattering models for the non-spherical shapeélé@l-polarisation radar parameters and comparing these
natural ice particles, and this presents a difficulty. Fds-pr quantitatively against observations (eAgdric et al. 2013.
tine hexagonal crystals such as plates and columns, cdifiis means that the accuracy of the spheroid scattering
mon practice is to approximate these shapes by spherditdel for real crystals becomes rather more important.
(e.g.Andric et al.2013 Westbrooket al.201Q Hoganet al. In this note we will focus exclusively on the Rayleigh
2002 Ryzhkovet al. 1998 Baderet al. 1987, Hall etal. limit where the crystals are much smaller than the radar
1984, and applyGans(19129’s theory to solve for the wavelength. This is appropriate for essentially all ice
scattered fieldThese pristine hexagonal crystal shapes arg/stals when considering S-band (10cm) radars such as
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the Chilbolton Advanced Meteorological Radata(l et al. attempted, with a focus on dual-polarisation parametars, i
1984). Vapour grown ice crystals grow to sizes of a feyarticular the differential reflectivity p .

millimetres at most (e.gTakahashet al. 1997). It may

well also be useful in many cases for shorter wavelengths Theory

provided that the particle dimensions are sufficiently $mal o _ _ )

A number of previous studies have used the discréfée begin with a brief review of some relevant scattering
dipole approximation (DDA Draine and Flatau 1994or theory. In the Rayleigh regime the applied electric field
closely related techniques to investigate the scatterifguniform across the scatterer and the scattering problem
properties of hexagonal ice crystals. Many of these hageeffectively reduced to an electrostatic ower( de Hulst
focussed on millimetre cloud radars where the scatterihg>7). The ice particle acts as a radiating point dipole
may be outside the Rayleigh regin@Brien and Goedecke in the far field, and the problem is thus simplified to
(1989 computed the scattering from an idealised planéigtermining the induced dipole momept for a given
dendritic Crysta] and a |ong hexagona| column @fpplled e!ectr!(? fleld'E(). This .relatlor]Shlp is determined by
maximum dimension 4mm at a wavelength of lcnthe ‘polarisability’ of the particleX:
and found that the scattering cross-sections were often
significantly different to those of spheroids with the same P = 4reXEo @)

dimensions. Evans and Vivekanandarf1990 computed | here e is the permittivity of free spaceHere X is a

scattering properties of distributions of ~horizontallg, \ hetric 33 tensor containing at most 6 independent
onentled %ylmders andhplates at 8| 3.5 and 1.9Mbments genior 197§ The elementsy,; are proportional
wavelengths and used these to simulate radar paramegife yolume of the scattering particle (the unitsxof; are

?Zn(;jog] I;;?fv(\;?r;/wee(;agIggvga'?::%rl]:tfii;;hfrgﬁ nglacgocnlglus;?smgng])]andhalso deper:jd o|n the ?h%pe and permittivity of the
v . . article. The scattered electric field at a pairis:
of 5 different aspect ratios for particles0um—1.25cm P

in maximum dimension at wavelengths between 2cm otkr
and 0.9mm. They also simulated some idealised dendritic Ei(r) = ¥ T £ (pxT)] (2
shapes. Random orientation of the crystals was assumed 0
however, and hence no dual-polarisation information canwéere r = |r|. We suppress the harmonic oscillation
derived from these results. exp(ikct) since this constant factor is present in both the
Schneider and Stepher{$999 used DDA to simulate applied and scattered fields, and we are ultimately only
horizontally oriented hexagonal columns and plat@ying interested in the amplitude d&s(r). Heret is time, ¢ is
from 50um to 2mm in maximum dimensioat wavelengths the speed of light, and the wavenumlaer 27/\ where\
of 1.4, 3.2 and 8.7mm and compared them to resulésthe wavelength of the radar.
obtained by assuming the particles were spheroids. A singlén this paper unit vectors are identified with a circumflex:
aspect ratio was simulated for each crystal size. Some of theepresents a unit vector in the scattering direction. The
smaller particles in this study fall within the Rayleigh It factor [# x (p x #)] in equation2 therefore describes the
and Schneider and Stepher{$999’s results suggest thatwell-known doughnut-shape radiation pattern of a point
the errors in the backscatter cross-sections were of ordg@ole in the far field and is simply equal {®in the case
~10%. However these error estimates only apply to théhere the scattering direction and induced dipole moment
specific aspect ratios whichchneider and Stephe(t999 are perpendicular, or zero if they are parallel (since an
consideredin addition they found significant errors in theslectromagnetic wave must be polarised perpendiculas to it
DDA results themselves, observing an error of order 158fection of propagation).
when comparing the backscatter of spheroids computed byrhe radar cross section of a particle may be related to
DDA in the Rayleigh regime relative to Gans theory. Theyie scattered electric field in an analogous manner to that
attributed this to the relatively coarse discretisatiortt® given by Seliga and Bringi(1976. If our radar transmits
particle which was used. The increase in computationghyave of magnitudef, and polarisationk, = Eo/Eo,

resources over the past 2 decades mean that much MQE the copolar radar cross section is simpty2 x |Eq -
accurate results are now possible. Eo|2/E2 e
o, e

In what follows new DDA calculations are presented for
hexagonal ice crystals covering a wide range of aspectratio
ranging from long slender hexagonal columns (1:50) to Oco
very thin hexagonal plates (100:1). This covers the range of
aspect ratios typically seen in natufer(ppacher and Klett
1997, and as we will see in section 3 the results at the
extreme aspect ratios approach an asymptotic limit in aRgre we have applied the vector identityx (XEO) %
case. By focussing exclusively on the Rayleigh regime, the_ XK, — i (XEO)]f, and realisedthat in the case
analysis of this data can be simplified to the estimatigf packscatter the second term on the right hand side
of 2 ‘polarisabilities’ for each ice crystal. Once thesgf this identity is orthogonal to, and therefore
polarisabilities are known, thdifferential scattering Cross- |\ ~kes no contribution too,, (Rusgchenberg 1992

section9f that ice crystal in any orientation with respect t%ringi and Chandrasekar 20p1Analogously, the cross-
the incident wave’s polarisation, in any scattering di@tt é:folar radar cross-section is: '
Y. '

and for any given size crystal can be computed immediat

N ~ 12
Ak ‘[f x (XEo) x 7] ~E0’

2

47T]€4 ‘(XE()) . Eo

3

The DDA results are compared to those predictedsays 4lrm . o 2

(1912)'s spheroid theory, and this allows us to evaluate the Teross = 47k" |[F X (XEo) x ] - (Eg x r)’

errors associated with the spheroid approximation over a . . . 2

much wider range of aspect ratios than has previously been = 4nk ‘(XEo) - (B x 1‘)‘ (4)
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noting that the unit vectd, x t describes the polarisation(2002) also considered prolate ice spheroids with their long
of the cross-polar channel since it is orthogonal to both thgis lying in the horizontal plane. Here the calculation is a
transmitted polarisation and the direction of propagation little more complicated since the long)(axis of the crystal
In summary, onceX is known for a particular shape,may be aligned in an arbitrary direction in the horizontal
then the dipole moments and hence the scattered field jine, while the horizontal polarisation vect is fixed.
an arbitrary incident polarisation can be computed, and theis means that equatioB must be integrated over all
radar cross-sections for arbitrary transmitted and reeeivpossible £,E,) combinations, leading to the result:
polarisations can be predicted. Our aim in what follows
therefore is to estimatX for some shapes relevant to ice 31X..17 3 1]X..|
crystals in the atmosphere. ZpR =g X2 84X, 11)
There are a number of ways to determiXefor a given o o
shape, but direct analytical results are very difficult fir aqoganet al. (2002 found that the maximum differential
but the simplest cases. One shape for which this is possiifectivity from thin column crystals was 4dB.
is an ellipsoid Gans 191} Let us choose the coordinate The use of the analytical results,§,7) for spheroids
system (described by standard cartesian basis veR{drs to compute the polarimetric properties of ice crystals is
z) such that th@rincipalaxes of the ellipsoid lie parallel toyery common. However the accuracy of this approximation
them. In this casX is diagonal and the elements are  for hexagonal ice crystals has not been clearly established
In section 3 we will determine the errors involved
v « _e-1 (5) in this approximation using numerical calculations of
4 Li(e—1)+1 X for hexagonal ice prisms. Following this a simple
empirical modification to Gans’s theory is proposed to more

where V' is the volume of the particlel; is a function accurately capture the scattering properties of hexagoeal
of the aspect ratio ven de Hulst 195) and € is the cpystals.

relative permittivity. For a spheroidal particle the stioa

is simplified further as two of the three elementsXfare 3 Hexagonal prisms: numerical data and a new
now equal. Let us choose the axis of revolution to be alignéﬁmirical formula

with thez axis — in this case the shape factéssare:

Xy =

) For a hexagonal ice crystal no exact solution currentlytexis
po_Ll-e (_1 " R 6) (6) for X. However we can obtain some useful information
N e? 2¢ 1-— about its form.Senior(1976 has shown that for particles
with two perpendicular axes of symmetry (such as an ice
for prolate (cigar-shaped)particles, while for oblate crystal with hexagonal symmetryX is diagonal, as it is

(pancake-shapedpheroids, one obtains: for an ellipsoid. This means we need to determine at most
3 numbers for a given crystal shape, and in what follows
I - 1+ ¢? (1 B ltan—l e) 7) We will use numerical solutions for the scattered fields from

i e? e various crystal shapes to determine a simple approximate

formula forX.
wheree is the eccentricity of the spheroid. In both cases the
shape factors corresponding to tkeandy axis axes are 3.1. DDA calculations
L,=L,=(1-0L.)/2.

Seliga and Bringi(1976 considered the case of oblatdo determine the 3 polarisability tensor elements for
spheroids (raindrops) oriented so that their long axbsxagonal ice crystals the DDA method was used. This
were oriented horizontally and their short axis wagpproach involves discretising the particle into many $mal
aligned vertically. For a radar dwelling at zero elevatiovolume elements, each of which is represented by a point
angle (horizontal incidence), and transmitting horizéipta dipole. Knowing the polarisability of each of these small
(Eo = %) and vertically €, = 2) polarised waves the (cubic) ice volumes allows the scattered field due to each
corresponding copolar radar cross-sectiops, ando.,, Volume element to be determined as a function of the

are simply: applied electric field and the scattered field from all other
Teoh = 47k X po|? (8) yolume .elements in thg particle. This system of equations

. 5 is then inverted to obtain the electric field at each volume

Ocov = 4TE [ X .| (9) element, and hence the far-field scattering pattern and

- . : . polarisability tensor elements. Full details of the method
recognising thatXE, is perpendicular tof and parallel are given byDraine and Flata1994*, and provided that
to Eq in this particular case. The Qifferential_ reflectivity,e permittivity of the particle is no't very strong, and a
ZpR = 0con/0co,v fOr an oblate particle of a given aspecticient number of dipoles is used to represent the shape
ratio is then simply: of the crystal, this approach should provide quite accurate
9 estimates ofX,;;. The key advantage of this method is
— [ Xz | (10) its flexibility - the scattering for an arbitrary shape can
| X2 2 be calculated, and particles with large aspect ratio can be
handled without difficultyDraine and Flatai{1994) show

ZDpR

Analogouscalculations have been performed Hyll et al.
(1984 andHoganet al. (2009 (amongst others) for oblate———— ) )
spheroid ice crystals to computdpr as a function of *The calculations in this paper were performed using versianos the

. h . .DDSCAT package used byraine and Flatai{1994; repetition of these
aspect ratio, and show that 10dB is the maximum p055|5 ulations using version 7.3 (the latest release at the 6f writing)

differential reflectivity from thin plate crystalsioganet al. gave identical results (RMS fractional difference of 0.1%)
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comparisons of the differential scattering cross sections
of spherical particles validated against Mie theory for
permittivities comparable to ice and the error in the DDA
estimates were<3% in the backscatter direction using A
10* dipole elements or mor&ubkoet al. (2010 has noted
that the sphere is one of the most challenging geometries
to simulate accurately using DDAn the calculations for
hexagonal prisms below we used between 10° and
2 x 10° dipole elements; for the branched plate crystals 2&
in section4 memory limitations combined with the open
geometry of some of the shapes meant that fewer dipole
elements were used, but in all cases this wak)®. Based
on this we expect errors smaller tharaine and Flatau
(1994 obtained, which should be more than sufficient for Y
the practical purpose of estimating radar parameters.

Figure 1 illustrates the geometry of the crystals. Right
regular hexagonal prisms were constructed. On the basal
(hexagonal) faces the sides of the hexagon have length
and hence the maximum span across the basal facet is
The span of the crystal along the prism axis/is The I ¢

V/

K>

prism axis is oriented along th# direction, whilex and

y lie in the basal plane. This geometry is fixed for all

the simulations, and the DDA calculations are perform%d 1. Schematic showina the orientation of a h L ori

3 times for incident waves polarised parallelopy and '?li-re ¢ Cthemf 1© Showing the orlertation of a hexagonal piism aryst

e o I relative to the basis vectorg, y and z, seen from two orthogonal

z: this is sufficient to determine the 3 non-zero elements @wpoints. Also indicated is the length of the crystaind width2a.

X. The permittivity of the particles was set equal to that

of solid icee = 3.15 + id. Since¢ is a very small number

(~ 5 x 10~* at S-band:Liebeet al. 1989 we ignore the gives results which are very close to the hexagonal prism

resulting imaginary components of the polarisability tems calculations, indicating that in these limits the spheabid

and report only the real parts. This is consistent with ti9proximation is an accurate one. However, for less extreme

negligible attenuation typically produced by non-meltingspect ratios there are significant discrepancies. Oneeof th

ice particles in the microwaveA(las and Ludlam 1961 most obvious features of figur2 is that the point where

To ensure that the calculations are firmly in the Rayleighe polarisability along both axes are equdl,( = X..) is

regime the equivalent-volume radius of the ice crystagégnificantly shifted in the DDA resulta(~ 1.3) relative

was set tol0uzm which is indeed much smaller than th&o the spheroid predictionu(= 1). For plate crystals the

10cm wavelength. The specific choice of crystal size is rgpheroid model predicts a polarisability along theaxis

important since thelementsof X are simply proportional which is too small, and a polarisability in the-y plane

to the volume, and so the results can be simply scaled upubtich is too large.

down as desired, and in what follows we will actually report For example, consider a plate with= 3. The spheroidal

polarisabilities which have been normalised by the volunagproximation predicts a value which is 12% too low for

of the crystal. X.., and 5% too high foX,, and X,,,. These may appear
The results of these calculations are shown in figes to be relatively modest errors, but note that equation

a function of aspect ratia» = 2a/L ranging from 0.02 (a means that the radar cross-section is proportional to the

long slender column) to 100 (a thin plate).The elementsssfuare of these polarisabilities. For horizontally oraeht

X;; have been normalised by a factidy (47) and are now hexagonal plates probed by a radar dwelling at horizontal

dimensionless, depending on the shape and permittivityesfuations and9 tell us thato., 1, will be 10% too large,

the particle alone. Although the author is not aware of amhile o, -, will be 25% too small, and this means that the

theoretical reason to require it, it is observed numencakpheroidal assumption leads to a 38% (1.5dB) overestimate

that the elementsY,, and X,, are essentially identicalin Zpr. This is a significant error.

(within ~ 1% of each other), and hence on¥, and X . The impact on the specific differential phase slift p

are reported in figure2. Also plotted on this figure areis smaller than for differential reflectivity because it is

the theoretical results for spheroids (equatiéné and7). proportional taX .. — X .. (Oguchi 1983. For our oriented

Note that this method of comparison implicitly means thatate therefore we should expect a 17% overestimate in

we are considering a spheroid with a volume and asp#wt computedKpp using the spheroid approximation.

ratio equal to that of the hexagonal crystal it is intended &dthough smaller than the error i¥pg, this is not a

represent, and this is logical sind« V. Other choices of negligible error in the author’s opinion.

spheroid (e.g. in- or circum-scribed around the hexagonalFigure 3 shows calculations o/ for horizontally

crystal) would not have the same volume, and are thereforégented plate and column crystals as a function of aspect

unphysical. ratio, using both the DDA data for hexagonal plates, and the
Senior(1976 shows that these normalised valuesXgr theoretical curves for spheroids. The spheroid calcutatio

should be bounded from below Ky — 1)/e = 0.68, and in figure 3 are identical to those oHoganet al. (2002

indeed all the numerical data does satisfy this conditioa. \Bcept we have assumed that the change in orientation

also note thalX ., approaches this limit for thin plates (datédetween plates and columns occurs not at an aspect ratio of

point atw = 100). For long slender columnsy(« 1), and w = 1, but atw = 1.1 based on the laboratory experiments

very thin plates ¢ > 1), the Gans(1912 spheroid theory of Westbrook (2011). His data show that columns and
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Ice hexagonal prisms
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Figure 2. DDA calculations of the polarisability tensor elemer¥s, and X .. (circles) for hexagonal prisms. Also shown are theoreticaes for
spheroids (black solid curve), DDA results for spheroidstéesks) and the new empirical formula for hexagonal prisnsideed in the text (grey
dashed line).

thick plates withw < 1.1 are oriented with theiz axis 10 - ;
horizontal, while plates withw > 1.1 have theirz axis | Spheroid theory o]
vertical. This assumption leads to a slight discontinuity i ¢ :exagmf‘] plate DDA 'y

the theoretical spheroid curve at= 1.1 since this cross- 8 =g yn; Sxpressen i

over in orientation no longer coincides with the point wher
X, = X.. (w =1 for spheroids), and means that there i
a narrow region of parameter space betwees 1 and1.1
(thick plates) whereZ i is predicted to be slightly negative
(—0.2dB atw = 1.1). R

For plates of all aspect ratios we observe that tt
spheroidal approximation systematically overestimales t
magnitude ofZpg. This is most pronounced for aspec
ratios between 1.1 and 10 whefg ; is 1—1.5dB too large;
for a more extreme aspect ratio of 100 the error is reduced
only 0.2dB. For column crystals the spheroid approximatic
is more accurate: errors are 0.5dB or less in general. S SRR

The differences between hexagonal crystals and th  4—— i L
spheroid ‘equivalents’ appears to be significant fc 10 10 10 10 10

. . . h L Aspect ratio
polarimetric radar applications. However, it is importémt
establish that Fh's a genuine effect, and not a_ nume”?@ure 3. Differential reflectivity predicted for horizontally oned
artefact. To this end some test DDA calculations wefexagonal plate crystals of various aspect ratios vieweticaizontal
performed_ |dentical dipole volume element spacings weneidence (circles). Also shown are theoretical resultssftheroid model
used to the hexagonal plate computations, but insteadS8fd black line) and the new empirical formula for hexagopasms
hexagonal crystals, spheroidal particles were generateti, 9651 Ped in the text (grey dashed line).
g y »SP p g ;

their polarisability tensor elements computed. The rasult
of these computations at aspect ratios of 0.03, 0.5, 2, 5
and 30 are shown by the asterisk markers in figur&he
calculations are in excellent agreement with the theaaktic
curves for spheroids. This gives us confidence that our DDAIr hexagonal results and tlans(1912 spheroidal model
calculations are accurate, and that the discrepancy betwisegenuine.

or LdBl
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3.2. Empirical modification of the Gans equations: new For hexagonal plates, aspect ratio 10
i i 2 ; i ; :
analytical expressions + X_DDAdan

. . X__ DDA data
Based on the results above the spheroidal model is 1 L Tz

an accurate representation of hexagonal ice crystals ¢ 16}
it would be desireable to replace it or modify it in ordel
to improve the accuracy of scattering calculations withol
needing to recompute the polarisability tensor for eac ,|
possible aspect ratio. Based on the observationXhat~ >
Xy, and that the spheroidal polarisabilities in figireave >.§= 1ir
a qualitatively similar shape to our DDA data, we start b ¥
assuming that our polarisability tensor elements will hay
the same functional form (equatiéhas spheroids, but with 0.6
different geometrical factord.;. Under this assumption,
we can computel, = L, and L, from our DDA data 04r
by inverting equatiorb. Given that we observe in figure  ,|
2 than the asymptotic limits seem to be the same

for spheroids, we expect that for thin platés — 0 and 0 s 5 25 3 a5
L. — 1, whilst for long slender columnd., — 4 and ' Relative Permittivity '
L, — 0 (van de Hulst 195)¢ Using these limits, two simple

functions with the correct asymptotic limits were fitted t&igure 4. DDA calculations of the polarisability tensor elemenfs, and

New analytic expression|

1.4F

the numerical data fok, = Ly andL,: X, for he_xa‘gonal _plates with reduced permittivities (marke®s)id lines
! show prediction using the new model.
1 /1-3/w
Lz:</+1> (12) o
2 \1+3/w complex pristine crystals such as branched hexagonakplate

0.0 (stellar and dendritic crystals), and one way to approaish th
I I — 1 (1 —0.5w" 4 1) (13) problem is to treat the more complex patrticle as a hexagonal
T 41+ 0.5w00 prism of the same overall dimensions, but with a reduced

where w — (2a/L) is the aspect ratio. Unlike Spheroidgermittivity based on the fraction of the prism which is

these formulae (and our numerical data) do not satis??/mposed of ice. This will be.dlscussed_ln sectdlon. .
Lo+ Ly +L. =1, Figure 4 shows the resulting normalised polarisability

. : - tensor elements where the real part of the permittivity is
Applying these new equations to compul yields i
the grey dashed lines in figurg which is an excellent 3.15 (the vaIuc_a for SO"O.I 'C.e)’ 2.15, 1.65 anc_i 1.15. Also
approximation to the numerical data, with RMS errors ?sjpown in the f'gwe (solid lines) are the predlct_ed values,
1% and 0.5% respectively fot and)é ased on equation$, 12, 13. The new equations are
Applyin.g this curve to the ci)zmputatfgﬁ & p leads to indistinguishable from the numerical data, indicatingttha
the grey dashed curve in figu again providing a very the separation of the geometry and permittivity factors in

close approximation to the numerical data to within a tencaguaﬂonS IS _the correct one, at least for these relatively
of a dB. As for spheroids we observe a slight discontinui\’ﬁ’/eak permittivity values.
at w = 1.1 because the cross-over in the orientation of )
the crystals atv = 1.1 does not coincide with the point3-2.2. Effect of crystal fluttering oip ; errors
where X, = X, at w ~ 1.3, and again small negative ) ) ) )
differential reflectivities of up to-0.6dB are theoretically In section 3.1 we considered the error in calculations
possible in the narrow region of parameter space betwédn Zpr when approximating a horizontally -oriented
these two aspect ratios. hexagonal crystal with a horizontally oriented spheroid.
It is noteworthy that equations2 and 13 are in fact \Westbrooketal. (2019 showed that such crystals are
simpler than the exact expressions for spheroids. They ggguent in mid-level mixed-phase layer clouds. However
also easier to apply because no splitinto prolates andesbldgrge hexagonal ice crystals (with Reynolds numiser00
is necessary, and there are no numerical difficulties in tAgreater) donot have a perfectly horizontal orientation,
case ofw = 1 (unlike equationg and6). fall unsteadily Kajikawa 1993, leading to a distribution
of orientations relative to the fixed polarisation of the
3.2.1. Testing the new analytical expression for smallerfadar. To investigate whether the spheroid approximation
permittivities also leads to similar errors in the case of unsteady fall,
Zpr was computed for an ensemble of ice crystals, each
Thus far we have assumed that the elemekits take rotated by an angle), where ¢ was sampled from a
the form given in equatiors. To test this assumption, auniform distribution of angles in the rangé& ... To
number of DDA calculations have been made where thalculateo., from these rotated crystals, one simply needs
relative permittivity has been reduced relative to the galto ensure thatE, is defined correctly relative to the
for solid ice, while the geometry remained fixed € 10 X,¥,Zz basis vectors oiX when applying equatior3. A
in the data presented here). This will allow us to tedetailed discussion of this is provided Busschenberg
whether the assumed separation of the permittivity ai®92 and Bringi and Chandrasekarn(200]1). Since the
shape dependency in equatibnis in fact the correct one. most significant errors in figur& were for hexagonal
A motivation for this is that we would like to be able tglates, we focus on these particles here, and figure
use our new expression to predict the scattering from mateows the difference between thi&, computed using
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Effect of crystal orientation distribution on spheroid model error
1.6 .
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Figure 6. Branched crystal shapes used in DDA calculations. Panel (a)
shows the broad-branched and stellar crystal shapes sedulatsection

4 as a cross-section in the—y plane. Similarly panel (b) shows more
complex branched dendritic examples included in section

DDA data: stellar crystals XXX ‘
1.8| 4 DDA data: stellar crystals XZZ : f 3

164 © DDA data: dendritic crystals X

Difference in ZDR (spheroid — hexagonal crystal) [dB]
o
[e¢]

0.21 ] & DDA data: dendritic crystals X
1.4+ | — Air-ice prism, spherical inclusions| 7 g
o = s - - - Air-ice prism, needle inclusions Y
10 10 10 104 , :
Aspect ratio >
< 1
Figure 5. Error in differential reflectivity of hexagonal plate crpd$ when &
computed using the Gans spheroid model, as a function of asgtecand 0.8F 3
the distribution of fluttering angles assumed (see textfebsht lines show
maximum fluttering angles @f,ax = 0, 15, 30 and 45. 0.6
0.4
spheroids, and the&/pr computed using the new results 0ol

for hexagonal crystals. Far,,., = 15° the error associated
with approximating plates as spheroids is almost identic % 03 02 s 08 !
to th_e case of perfect hquzpnta_ll Orlentathb}n(m.: OO)_' Volume fraction of stellar or dendritic crystal

to within 0.1dB. As the distribution of crystal orientat®n

becomes broader, the error in approximating the crystalgure 7. DDA calculations of the polarisability tensor elements...

as Spheroids becomes gradua”y smaller: for examp|eam X .. for stellar and dendritic crystals as a function of ice volume
w = 2 the error is 1.45 dB for . = 0°, falling to 1 dB fraction (elatlve to a solid hexagonal _plate o_f the same sBatid a_md

° dashed lines show results obtained using a simple air-icagunal prism
for ¢max_ = 45°. These results suggest th?-t even for _rath@éing the Maxwell-Garnett mixture theory for spherical aeédle-shaped
broad distributions of crystal fall orientation, the ertior inclusions respectively.
Zpr from approximating hexagonal crystals as spheroids

can be significant.

physically sensible, since gsbecomes smaller the volume
4. Broad-branched, stellar and dendritic ice crystals ~ Of ice in the particle is smaller, and hence less scatterang c

occur. More importantly, we note that the curves oy,
Plate crystals formed at high supersaturations often gréyd X.. converge asf — 0 this means that for tenuous
preferentially at the corners and develop branches, lgadigrticles polarisation effects become steadily weaker, a
to broad-branched, stellar and dendritic crystal typ&gsult anticipated baderet al. (1987).
(Takahashet al. 1991). The polarisability tensor was More complicated dendritic crystal shapes, shown in
computed in the same manner as before for a numberfigfire 6b were also simulated using DDA. The results
idealised branched crystal geometries. The geometriesobfthese computations is also shown in figure(open
the crystals follows those considered \idestbrooket al. markers). The results appear to follow the same behaviour
(2008. as the simpler branched crystals, with decreasing volume

We first consider stellar and broad-branched crystafgaction (spanning the range 0.48 to 0.13) corresponding

The specific model geometries used here are showntdna decrease in the polarisability of the particles and a
cross-section in figuréa; in all cases the aspect ratio wasonvergence of the two polarisability tensor elements.
w = 10. Again, the hexagonal symmetry means that theSince there seems to be a rather well-defined dependence
polarisability tensor is diagonal. The elements3fwere of the change in the polarisabilities of the crystal as
computed using DDA as before. As for hexagonal prisnasfunction of the volume fraction, it suggests that the
we again observe from the numerical data ttat, = scattering from these more complex particles can be
X,y The results forX,, and X,, are plotted in figure characterised by the dipole moments of an enclosing
7 (filled markers) as a function of the volume fractigh hexagonal prism and the volume fractigh One way to
which we define here as the volume of ice in the crystalo this would be to simply fit a curve to the numerical
divided by the volumel/ of a hexagonal prism of thedata in figure7. Perhaps a more physically satisfactory
same span and length. As in sectiBnthe results have approach is to use a dielectric mixture theory to represent
been normalised by a factdf/(4r). Both X, and X,. the complex particle as a solid hexagonal prism with a
decrease monotonically with decreasing volume fractioeduced permittivity. The essence of these mixture thsorie
as one moves from broad-branch crystals wjth= 0.96 is that the complexities of the particle (i.e. the branches
down to tenuous star-shaped crystals vfite- 0.11. Thisis of the dendrite surrounded by air) are approximated by
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a homogeneous mixture of air and ice with an effectialowing a rather simple interpretation of the scattering
permittivity which lies somewhere between the two=( properties in terms of the aspect ratio and volume fraction.
1—3.15). A detailed overview of dielectric mixture theory

is provided bySihvola(1989. Obviously this is a relatively acknowledgement

crude approximation to the complex geometry of the ice

crystals: however as we will see, it appears to be @Am grateful to BT Draine and PJ Flatau for making their
acceptable one for these crystalhe most common of giscrete dipole approximation computer package DDSCAT
these theories is attributed Maxwell-Garnett(1904 and  freely available: all of the DDA calculations presentedeher

prescribes the effective permittivity as: were performed using this package. | am also grateful to
the IT support staff in the Department of Meteorology for
of = w (14) their help in compiling DDSCAT version 7.3, and to two
1-f+/8 anonymous reviewers for their constructive comments.

Bohren and Huffman(1983 has shown that Maxwell-
Gamett's original approximation can be generalisédeferences
depending upon the shape of the ice ‘inclusions’ in tlle

ixt = herical inclusi th 3 ndric J, Kumjian MR, Zrnt DS, Straka JM and Melnikov VM 2013.
mixture. For spherical inclusions the paramater /(6 + Polarimetric Signatures above the Melting Layer in WintesrBis:
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H H servatons Sinl S I on.
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behaviour of the numerical data well, although assumiB@ngi VN and Chandrasekar V 200Polarimetric Doppler weather
rod inclusions appears to be slightly more accurate.fFer  radar Cambridge University Press.
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